Phase Mismatch—Free Nonlinear
Propagation in Optical
Zero-Index Materials

Haim Suchowski,** Kevin O'Brien,** Zi Jing Wong,* Alessandro Salandrino,*

Xiaobo Yin,? Xiang Zhang™?t

Phase matching is a critical requirement for coherent nonlinear optical processes such as frequency
conversion and parametric amplification. Phase mismatch prevents microscopic nonlinear

sources from combining constructively, resulting in destructive interference and thus very low
efficiency. We report the experimental demonstration of phase mismatch—free nonlinear
generation in a zero-index optical metamaterial. In contrast to phase mismatch compensation
techniques required in conventional nonlinear media, the zero index eliminates the need for phase
matching, allowing efficient nonlinear generation in both forward and backward directions.

We demonstrate phase mismatch—free nonlinear generation using intrapulse four-wave mixing,
where we observed a forward-to-backward nonlinear emission ratio close to unity. The removal of
phase matching in nonlinear optical metamaterials may lead to applications such as
multidirectional frequency conversion and entangled photon generation.

onlinear optics, the study of phenomena

| \ | occurring when optical properties of a
material are modified by the presence

of light, plays a critical role in frequency conver-

sion, nonlinear spectroscopy, and the generation
of new light sources (7, 2). A major problem in
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nonlinear optics is the inherent phase mismatch
between the interacting waves propagating in-
side the nonlinear materials. This effect origi-
nates from material dispersion and causes a lack
of optical momentum conservation between the
photons involved in the nonlinear process. The
phase mismatch prevents the constructive ad-
dition of the nonlinear fields, resulting in destruc-
tive interference and poor generation efficiency.
To increase the amounts of nonlinear light, a
compensation technique must be used. The most
widely used methods (Fig. 1A) include bireftin-
gent phase matching, angle phase matching, and
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quasi—phase matching (3—6). Implementing each
technique poses a number of challenges. The bi-
refringent phase-matching technique uses the
polarization-dependent indices to match the phase
velocities of the interacting waves, but it is lim-
ited to birefringent materials (/, 2). Angle phase
matching uses geometrical alignments of the
interacting waves to compensate the phases, but
the noncollinear optical arrangement limits the
interaction length (/, 2). Quasi—phase match-
ing cancels out the inherent phase mismatch
using artificial momentum introduced by period-
ic and/or aperiodic poling of nonlinear crystals,
which is restricted to certain nonlinear crystals
and provides a limited range of mismatch that
can be compensated. Moreover, all compensat-
ing schemes work only in a specific direction:
either in the forward direction (3—6) or the back-
ward direction (7, 8), but not both. This restriction
arises because the phase-matching process rep-
resents a balance between the momenta of the
photons involved in the nonlinear interaction—a
balance that is disturbed when the momentum
of one photon changes sign because of a direc-
tion change.

We show that the requirement for phase
matching can be eliminated using a metamaterial
with a zero refractive index. In a zero-index ma-
terial (9-11), the photons carry zero momentum
and satisfy momentum conservation for any com-
bination of photon directions, thereby allowing
the nonlinearly generated waves to coherently
build up in both forward and backward direc-
tions. We demonstrate the nonlinear dynamics
through four-wave mixing (FWM) in a meta-
material with zero refractive index. Equal amounts
of nonlinearly generated waves are observed in

Fig. 1. The role of phase mismatch. Avoiding phase mismatchis A
critical for obtaining efficient nonlinear conversion. (A) The most
widely used methods for phase matching—birefringence phase
matching, angle phase matching, and quasi—phase matching—
allow compensation either in the forward or backward directions,
but not both. (B to E) In contrast, a zero-index metamaterial creates
a phase mismatch—free environment for nonlinear propagation,
eliminating the requirement for phase matching. In the microscopic
picture of nonlinear generation, each source coherently emits
equally in both directions, acquiring a phase that is proportional to B
the refractive index [(B) and (Q)] as it propagates. All of these
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both forward and backward propagation direc-
tions, matching well with the predictions from
nonlinear scattering theory (/2). In contrast, the
forward and backward FWM generations are
drastically different for metamaterials with a pos-
itive or a negative index, as expected from phase-
matching considerations.

Metamaterials allow us to tailor the linear
electromagnetic response and introduce new re-
gimes of interaction between radiation and matter
(13—17). The nonlinear properties of negative-
index metamaterials have been explored both
theoretically (/8-21) and experimentally (22—26).
The rich nonlinear dynamical behavior in meta-
materials promises the realization of novel effects
such as backward mirrorless parametric ampli-
fication (/8, 19), novel quantum switches (20),
and cavity-free microscopic optical parametric
oscillators (21).

To illustrate the phase mismatch—free non-
linear wave interactions in a zero-index material,
we consider a degenerate FWM process in which the
pump, signal, and idler photons have approximately
the same wavelength (Wgignal = Opump = Migier). In this
process, the phase (momentum) mismatch in the
forward and backward propagation directions can
be expressed as Ak: = |2kpump — Kignat F Kidier,
where the plus and minus subscripts represent
the forward and backward directions, respec-
tively. In a conventional degenerate FWM sys-
tem, when one of the propagation directions,
say the forward direction, is perfectly phase-
matched (i.e., Ak, — 0), the phase is then poorly
matched in the backward propagation direction
where Ak_ = 2|kqie . For a metamaterial with a
zero refractive index at the idler frequency,
however, the phase mismatch in both the for-
ward and backward directions is zero. This im-
portant distinction between forward and backward
nonlinear propagation allows us to explore non-
linear generation for negative-, positive-, and
zero-index regimes. We expect that in the case
of negative or positive index, because Ak, — 0
while Ak # 0, the generated forward light is
accumulated in phase while the generated back-
ward light is not, thus causing the degenerated
FWM intensity to grow monotonically for the
forward direction and to oscillate for the back-
ward direction (Fig. 1, B and D). In contrast, in
the zero-index regime, Ak, — 0 and also Ak — 0,
making both the generated forward light and
backward light accumulate in phase, having the
same yield in the forward and backward direc-
tions (Fig. 1, C and E). This is in stark contrast
to nonlinear generation in negative-index ma-
terials, where the phase mismatch parameter has
a finite value (/8-21). A phase mismatch—free
zero-index material allows the nonlinear pro-
cess to be efficient regardless of directionality,
and the need to carefully balance between the
momenta of the waves involved in the nonlinear
interaction is eliminated. In our experimental re-
alization, the pump pulse has a positive Poynting
vector in the material, so the direction of energy
flux is the same as in free space. In contrast, the

nonlinear emission has an energy flux in both
directions, with the relative amounts influenced
by the phase matching. The refractive index con-
trols the direction of the phase velocity and ca-
nonical momentum relative to the direction of
the energy flux (13, 27), which influences the
direction of energy propagation through the phase
matching. In a zero-index medium, as seen, the
energy flux in both directions is equal. Relative
to the poorly phase-matched case, more energy
will be extracted from the pump in a zero-index
material.

Figure 2A shows the experimental apparatus
for single-shot FWM, which allows intrapulse
wave mixing between the different spectral com-
ponents of ultrashort pump laser pulses (28).
Before impinging on the samples, the transform-
limited pump pulse is amplitude-shaped to re-
move the long-wavelength tail in the spectral
domain. The generated intrapulse FWM is mea-
sured in both forward and backward directions
within this filtered spectral regime. This method
climinates the need to overlap two laser pulse
temporally and spatially, and maximizes the non-
linear yield (see fig. S3). An example measurement
spectrum (Fig. 2B) shows both the generated
FWM signal and the pump with their relative
strengths. Note that the pump is far from depleted
by the nonlinear process, as evident from the
much weaker FWM signal than that of the pump.

A
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Operating in the weak-field regime (the gener-
ated intensity of the idler is on the order of 10> of
the pump intensity) allows us to analyze the
experimental observations with a perturbative
approach. We verify the nonlinear origin of the
emission by measuring the cubic scaling with
pump power and quadratic spectral phase de-
pendence (see supplementary materials).

We have chosen the fishnet metamaterial
structure (9), a stack of metal-dielectric multi-
layers with perforated holes (Fig. 2). Fishnet
metamaterials are widely used negative-index
materials at optical frequencies because of their
low loss, well-understood linear properties, and
robust fabricability. Our fishnet metamaterial
consists of 20 alternating 30-nm gold and 50-nm
magnesium fluoride layers on a 50-nm-thick sil-
icon nitride membrane. The magnetic moments
(created by the antiparallel currents in neighbor-
ing conductive layers) and the electric responses
of the perforated metallic thin films provide a
positive, zero, or negative refractive index re-
gime, depending on the wavelength. We mea-
sured the transmission and refractive index by
spectrally and spatially resolved interferometry
(29), which measures simultaneously the phase
for an ultra-broadband optical range to an accu-
racy of greater than A/300 (fig. S1). The zero
crossing of the index is approximately 1325 to
1340 nm for the sample with period of 750 nm
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Fig. 2. Experimental apparatus for nonlinear measurements. (A) A transform-limited 100-fs laser
pulse centered at 1315 nm or 1510 nm is amplitude-shaped through a spatial light modulator (SLM) to
remove the long-wavelength tail of the pulse (red). The pulse is passed through a fishnet metamaterial,
which generates a FWM nonlinear signal (green) in the backward and forward directions because of a
third-order nonlinearity. The FWM signals are measured in an infrared spectrometer after filtering the
pump pulse. The forward emission is measured without the flip mirror (M4). An analyzer is used before the
spectrometer to control the detected polarization; a half-wave plate (not shown) controls the pump
polarization. (B) An example measurement of the emission spectrum, showing both the generated FWM
signal (green) and the filtered pump (red). The pump is undepleted by the nonlinear process, as evident by
the much weaker FWM signal than that of the pump (the magnitude of the FWM is ~10~> times the pump
intensity), justifying the use of the perturbative approach in our analysis. (C) Scanning electron micro-
graph of the cross-fishnet structures. Inset shows an angled view. See supplementary materials for details

of the single-shot FWM method.
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and cross lateral holes of dimensions 475 nm x
175 nm (Fig. 2C). Using the measured refractive
index values of the fishnet structures, the phase
mismatch values can be calculated as a function
of wavelength for forward and backward propa-
gation (Fig. 3A). The forward phase mismatch
is Ak, — 0 for all wavelengths, whereas Ak has
different values across the zero-index wavelength.
However, in the wavelength regime of zero re-
fractive index (~1330 nm), both the forward and
backward directions are phase mismatch—free.

The intrapulse FWM signal in the zero-index
regime (where the refractive index changes its
sign) is shown for both the forward and the back-
ward directions (Fig. 3B). The observed nonlinear
yield is about the same in both directions. In
contrast, in the negative-index regime, the inten-
sities of the degenerate FWM signals in the
opposite propagation directions are distinctly
different (Fig. 3C). Because of the low trans-
mission at 1530 nm, a different fishnet meta-
material with 800-nm period and perforated hole
size of 560 nm by 250 nm was used. The zero
crossing of the refractive index is at ~1460 nm

and the refractive index is 0.5 at 1530 nm (fig. S1).
The relative strength of the forward and back-
ward FWM waves correlates with the predicted
phase-matching difference for zero and negative
indices, as illustrated in Fig. 1. In particular, at
the zero refractive index, the observation of a
forward/backward FWM ratio of unity indicates
phase mismatch—free nonlinear interaction for
both directions. Low transmission loss is critical
for observing the effects of phase matching. High
losses can also strongly affect the ratio of the
forward and backward nonlinear emission for
positive-, negative-, and zero-index regimes.
Loss decreases the overall nonlinear emission
and, because of the shorter propagation length
of backward emission, increases the backward
emission relative to the forward. The fabricated
fishnet has a relatively low loss in the zero-index
regime, allowing us to observe the effects of phase
matching rather than absorption.

The phase mismatch—free nonlinear genera-
tion can be further demonstrated by measuring
the nonlinear emission as a function of the po-
larization angle of the pump for the forward and
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Fig. 3. Four-wave mixing in metamaterials with and without phase mismatch. (A) Phase mis-
match of forward (purple) and backward (blue) FWM as a function of wavelength, based on experimentally
measured refractive indices. The forward phase mismatch is near zero (Ak, — 0) for all wavelengths; the
backward has a large phase mismatch (Ak_ # 0) except when the index is near zero. (B) The measured
FWM process in the zero-index regime has almost the same yield in both directions, illustrating the phase
mismatch—free properties of zero-index materials. (C) In contrast, the forward-propagating FWM (solid
purple) is much stronger than the backward (dashed blue) in the negative-index regime as a result of the
phase mismatch. Insets in (B) and (C) show the dependence of the nonlinear emission (with a horizontally
polarized analyzer) on pump polarization, which has the characteristic cos® 8 curve of XG) dynamics. The
nonlinear emission scales with the cube of the pump power and shows a spectral phase dependence

demonstrating the nonlinear origin (fig. S6).
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backward FWM, shown in the insets of Fig. 3,
B and C, for the zero-index and negative-index
materials, respectively. The relative strength be-
tween the forward and backward nonlinear waves
in the zero-index region is again about the same
for all polar angles, whereas in the negative-index
regime, the forward nonlinear waves remain
stronger than the backward for all polarizations.
The polarization-dependent FWM (with a hor-
izontally polarized analyzer) matches well the
analytical curve of cos® 8, a characteristic re-
sponse of a third-order nonlinearity intensity
signal. This angular dependence is particular-
ly important, as it means that the nonlinearity
originates from the light that is coupled into the
metamaterial (see supplementary materials).

A numerical simulation of the dynamics as
a function of thickness around the zero index
predicts a ratio of unity for forward/backward
nonlinear emission (fig. S2A), whereas in the
negative-index regime, the forward generated
nonlinear signal has a much higher yield than
that of the backward signal (fig. S2B) for a thick
fishnet of 20 layers. In contrast, for thin fishnets
(fewer than five layers), the forward/backward
ratio is unity regardless of the index of refraction,
indicating that phase matching is not important
in these structures (23—26). The nonlinear sim-
ulation is performed with nonlinear scattering
theory (/2), which calculates the nonlinear prop-
erties using the linear results from a full wave
simulation of the metamaterial, taking into ac-
count the fabricated structure geometry and ma-
terial losses. To further confirm that phase plays
a dominant role in the dynamics with respect to
loss or surface effects, we artificially removed
the phase mismatch in the nonlinear simulation
while keeping loss, thus forcing all waves to add
up constructively. We found that the behavior in
the zero-index region is unchanged, indicating
that phase matching plays little role. In contrast,
in the negative-index region, the forward and back-
ward emissions became nearly equal, indicating
that phase matching is critical in this region. Note
that perfect phase matching using a zero refrac-
tive index is different from quasi—phase matching
(4, 22), in which the effective momentum sup-
plied by a periodic structuring is used to compen-
sate for a phase mismatch. In these experiments,
the subwavelength spacing of the layers (80 nm)
does not provide sufficient effective momentum
to phase-match the backward nonlinear genera-
tion (see fig. S7).

The concept of phase mismatch—free non-
linear interaction in zero-index materials provides
a new degree of freedom in controlling the non-
linear dynamics in a metamaterial and can be
further explored in other nonlinear processes such
as coherent Raman spectroscopy for remote sens-
ing applications or spontaneous parametric down-
conversions for entangled photon generation.
The design of multivalued or broadband zero-
index materials opens the opportunity to achieve
phase mismatch—free dynamics for simultaneous
nonlinear processes.
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Interfollicular Epidermal Stem Cells
Self-Renew via Autocrine Wnt Signaling
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The skin is a classical example of a tissue maintained by stem cells. However, the identity of
the stem cells that maintain the interfollicular epidermis and the source of the signals that
control their activity remain unclear. Using mouse lineage tracing and quantitative clonal analyses,
we showed that the Wnt target gene Axin2 marks interfollicular epidermal stem cells. These
Axin2-expressing cells constitute the majority of the basal epidermal layer, compete neutrally,
and require Wnt/B-catenin signaling to proliferate. The same cells contribute robustly to wound
healing, with no requirement for a quiescent stem cell subpopulation. By means of double-labeling
RNA in situ hybridization in mice, we showed that the Axin2-expressing cells themselves produce
Wnt signals as well as long-range secreted Wnt inhibitors, suggesting an autocrine mechanism

of stem cell self-renewal.

lar epidermis (IFE) regenerate the skin, but

the nature of these cells and the molecular
signals that regulate them remain incompletely
understood. Because of their well-established
importance in stem cell maintenance and hair
growth, Wnts are candidate self-renewal factors
for IFE stem cells. However, Wnt/B-catenin sig-
naling is generally thought to control IFE differen-
tiation rather than self-renewal (7, 2). Reinforcing
this view, interfollicular epidermal stem cells
(IFESCs) have recently been suggested to originate

S tem cells residing in the adult interfollicu-
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from more primitive Wnt-independent (Lgr6")
stem cells residing in the hair follicle (3). We
sought to dissect the role of Wnt signaling in IFE
homeostasis and regeneration. Because tissue stem
cells are commonly influenced by signals secreted
by nearby “niche” cells (4), we examined the pres-
ence of Wnts and Wnt inhibitors in the skin.

To determine whether Wnt-responding cells
are present in the IFE, we looked in mouse skin
for cells expressing Axin2, a well-known Wnt/B-
catenin target gene. We focused on the mouse
hindpaw (plantar) epidermis, a region devoid
of hair follicles and sweat ducts (fig. STA). We
marked Axin2-expressing cells using Axin2-
CreERT2 and found labeled cells in the basal
layer (Fig. 1A and fig. S1E), consistent with Axin2
mRNA and reporter gene expression (fig. SI, B
to D). These labeled cells generated clones in
multiple IFE compartments that persisted for up
to a year (Fig. 1A and fig. SI1F), demonstrating
that Axin2-CreERT2-labeled keratinocytes are
self-renewing stem cells.

Recent studies examining epidermal stem cell
fate provide little indication of the signaling path-
ways involved in cell fate choice. Using Axin2-

CreERT?2 as a combined lineage tracing and Wnt
reporter tool, we studied the effect of Wnt signal-
ing on cell fate, by analyzing labeled clones at
high resolution in whole-mounted epidermis of
Axin2-CreERT2/Rosa26-Rainbow (5) mice [Fig.
1B and supplementary theory (ST) section S-II].
We first asked whether long-lived Axin2-CreERT2—
labeled clones might derive from slow-cycling
stem cells that divide with invariant asymmetry to
produce transit-amplifying cells (6, 7), or equiv-
alent “committed progenitors” and stem cells that
divide with probabilistic fate (§~70). If Axin2-
CreERT?2 labeled only slow-cycling stem cells
dividing with invariant asymmetry, we would ex-
pect to see labeled single cells that divide rarely
and eventually give rise to stable, long-lived clones.
In contrast, the probabilistic differentiation and
self-renewal of stem cells and committed pro-
genitors would lead to a rapid drop in the number
of clones as a result of neutral clonal competition,
with a concomitant increase in the average size
of persisting clones to compensate for those that
are lost (/1). In addition, within a few cell divi-
sions, the size distribution of the persisting clones
would follow a simple exponential curve. Com-
paring the clonal data to these predictions, we
found that the labeled Wnt-responding cells and
their progeny exhibited all of the characteristics
of probabilistic fate and neutral clonal compe-
tition (Fig. 1, C and D; fig. S2, A to C; and ST S-III
and S-IV).

To determine whether active Wnt signaling,
as indicated by Axin2 expression, occurs in a func-
tionally distinct subpopulation of IFESCs, we
examined the number of Axin2-CreERT2-labeled
cells in the basal layer over time. Between 3 days
and 5 months after initial labeling, the total num-
ber of labeled cells in the basal layer of the ep-
idermis remained constant (Pearson correlation
coefficient R = 0.08 to time after labeling) (Fig. 1E
and fig. S2H). This indicates that both Axin2-
CreERT2-labeled and unlabeled cells have equal
self-renewal capacity in homeostasis, suggesting
that all IFESCs express Axin2 (fig. S1, B to D),
but only a subset is labeled when treated with
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