PHYSICAL REVIEW X 4, 031042 (2014)

PT -Symmetric Acoustics
Xuefeng Zhu,1 Hamidreza Ramezani,1 Chengzhi Shi,1 Jie Zhu,1 and Xiang Zhang1,2,*
1

NSF Nanoscale Science and Engineering Center, University of California,
Berkeley, California 94720, USA
2
Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
(Received 9 May 2014; revised manuscript received 3 July 2014; published 5 September 2014)
We introduce here the concept of acoustic parity-time (PT ) symmetry and demonstrate the extraordinary
scattering characteristics of the acoustic PT medium. On the basis of exact calculations, we show how an
acoustic PT -symmetric medium can become unidirectionally transparent at given frequencies. Combining
such a PT -symmetric medium with transformation acoustics, we design two-dimensional symmetric
acoustic cloaks that are unidirectionally invisible in a prescribed direction. Our results open new possibilities
for designing functional acoustic devices with directional responses.
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I. INTRODUCTION
Controlling acoustic and phononic transport at will is a
long-sought-after goal in modern physics and applications.
Recent advancements in man-made materials (“metamaterials”) have resulted in intriguing achievements in acoustic
and phononic transport manipulation [1]. These discoveries
include dynamic negative density and a bulk modulus [2–8],
subwavelength imaging [9–11], acoustic and surface wave
cloaking [12–15], a phononic band gap [16,17], extraordinary acoustic transmission [18,19], Anderson localization
[20], and asymmetric transmission [21–25]. These works, so
far, are based on the modulation of the real part of the
acoustic parameters. However, exploration of acoustic
characteristics in a complex domain—as we shall discuss
in more detail in the following—offers a new door to nonHermitian acoustics with rich physics and entirely new
functionalities of metamaterials. An asymmetric acoustic
response is among them, where ingenious acoustic devices
can be designed to distinguish different directions and react
in a judicious way, depending on the direction of wave
propagation. Such acoustic devices may have a range of
useful applications, such as directional noise cancellation,
ultrasonic medical imaging, architectural acoustics, acoustic
amplification, and thermal insulating materials that can
regulate heat flow.
It has been shown that systems with non-Hermitian
potentials that violate time-reversal (T ) symmetry but
retain the combined parity-time (PT ) symmetry might
have real spectra, proposing a possible generalization of
*
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quantum mechanics [26]. Although the concept of PT symmetric quantum mechanics, as a fundamental theory, is
still under a heated debate [27], it has been explored in
optics and electronics by means of interleaving balanced
gain-and-loss regions. Several interesting physical features
have been explored, such as power oscillations [28],
unidirectional invisibility [29–32], the reconfigurable
Talbot effect [33], and coherent perfect laser absorbers
[34,35]. Moreover, in the nonlinear domain, PT symmetry
has been used to realize potential optical isolators and
circulators [36–40].
We introduce here the concept of PT symmetry in
acoustics by judicious designs of acoustic materials with
complex parameters featuring carefully balanced loss-andgain regions. Based on exact analytical expressions, we
first show that our design displays unique scattering
characteristics such as asymmetric reflection, resulting in
the medium being unidirectionally transparent. We further
introduce transformation acoustics into PT -symmetric
synthetic matter and demonstrate a PT -symmetric cloak
that protects its inner information from being detected only
along one side and not another—a one-way cloak.
II. SCATTERING PROPERTIES
In acoustics, we can design a PT -symmetric medium
with a complex bulk modulus obeying the condition κðrÞ ¼
κ ð−rÞ and the mass density ρðrÞ ¼ ρð−rÞ. The designed
one-dimensional (1D) PT -symmetric medium is schematically shown in the main panel of Fig. 1. In this system, the
acoustic waves Peiωt are propagating in the z direction,
which can be described by the Helmholtz equation
ðd2 =dz2 ÞP þ ω2 ρκ−1 P ¼ 0, with P the pressure, ω ¼
2πf (f is the frequency) the so-called angular frequency,
ρ the mass density, and κ the complex bulk modulus. It
needs to be mentioned that, generally, the modulus of
acoustic material should have a positive imaginary part,
indicating that the material is lossy with inherent damping.
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FIG. 1. Schematic of the acoustic PT -symmetric medium. The scattering domain is composed of 11 sections: three gain regions
(red blocks), three loss regions (green blocks), and five passive regions in between. The length of the active region is 0.148 m, while the
length of each passive region is 0.015 m. The transmission and reflection of acoustic waves incident from the left (blue curve) and right
(red curve) are shown. This PT -symmetric medium is designed to be reflectionless for acoustic waves incident from the left. Insets: The
normalized amplitude of the pressure field for the left (left inset) and right (right inset) incidences at the exceptional point.

The acoustic gain material with a negative imaginary part
of the modulus has not yet been observed in nature, which,
however, can be effectively realized by delicate feedback
systems using the active sound-controlling apparatus [24].
Since the setup respects PT symmetry, the mass density
and the real part of the bulk modulus are an even function
of position z ¼ 0, while the imaginary part of the
bulk modulus is an odd one. In our case, the material
parameters are ρp ¼ 1.2 kg=m3 and κ p ¼ 1.42 × 105 Pa
for passive regions and are ρlðgÞ ¼ 1.49 kg=m3 and κlðgÞ ¼
1.75 × 105  1.72 × 104 i Pa for loss (gain) regions,
respectively. As depicted in Fig. 1, the scattering region
(z < jLj ¼ 0.4815 m) is composed of three loss-and-gain
sections (green and red blocks) and five passive sections in
between. The length of loss-or-gain sections is 0.148 m,
and the length of each passive section is 0.015 m.
The underlying symmetries of the acoustic system, viz.
PT symmetry, impose a generalized conservation relation
on the acoustic wave-scattering properties of the composite
structure. In particular, outside the acoustic PT -symmetric
setup (z > jLj), we can decompose the pressure field
into the right- and left-traveling waves Pðz > jLjÞ ¼
−ðþÞ
−ðþÞ
Pf e−ikz þ Pb eikz , where − (þ) is for the left z <
−L (right z > L), k is the wave number, and PfðbÞ is the
amplitude of the forward- (backward-) traveling acoustic
waves. Furthermore, the scattering matrix SðkÞ describing
the relation between the incoming and outgoing acoustic
waves in a 1D two-port system can be expressed as
 þ
 −


Pf
t rR
Pf
¼ SðkÞ
;
SðkÞ ¼
; ð1Þ
rL t
P−b
Pþ
b
where rLðRÞ and t are left- (right-) reflection and transmission coefficients, respectively. The PT -symmetric
nature of the acoustic system leads to
 − 
 þ 
Pf
Pf
¼ SðkÞ
:
ð2Þ
þ
P−b 
Pb

A comparison between Eqs. (1) and (2) shows that
S ðkÞ ¼ S−1 ðkÞ. From this relation, we can conclude that
[41,43]
rL rR ¼ 1 − jtj2 :

ð3Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Equation (3) or its other form RL RR ¼ jT − 1j, with
RLðRÞ ≡ jrLðRÞ j2 and T ≡ jtj2 , is a generalization of the
more familiar energy-conservation relation T þ R ¼ 1
associated with the lossless passive p
systems,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ where the
geometric mean of the two reflections RL RR replaces the
reflection R from one side, noting that the reflection in a 1D
lossless passive acoustic medium is the same for opposite
directions. In 1D acoustic PT systems, the left reflection
RL can, in principle, be different from the right reflection
RR . An interesting result occurs when we have perfect
transmission, that is, T ¼ 1. In this case, the product of two
reflections is required to vanish, according to Eq. (3). For
example, this constraint can be satisfied by one of the
reflections getting to 0 while the other remains nonzero,
which is of our interest and recalls the unidirectional
transparency, since we have reflectionless perfect transmission in one direction but not the other. Based on the
transfer-matrix method in acoustics, we have, respectively,
calculated the phase [Fig. 2(a)] and amplitude [Fig. 2(b)] of
left- and right-reflected waves and transmitted waves
propagating through the well-designed acoustic PT symmetric system. From Eq. (3), for the case T < 1, the
phases of the left reflection and right reflection should be
equivalent, while for T > 1, there is π phase difference
between the two reflections. Moreover, for both cases, there
is a π=2 phase difference between the transmission and
reflection parts. Figure 2(a) shows that our results are in
good agreement with these theoretical predictions. The
results in Fig. 2(b) show that at the frequency f ≈ 6 kHz,
the left reflection is exactly 0 and the right reflection is
around RR ≈ 0.39, as marked by darkened dots. At that
frequency, the phase of left-reflected waves experiences an
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FIG. 2. Phases and amplitude of left-reflected, right-reflected, and transmitted waves of the acoustic PT -symmetric medium are
shown in (a) and (b), respectively. The absolute value of the eigenvalues and the second component of the eigenvectors of the
corresponding scattering matrix for this acoustic PT -symmetric medium are shown in (c) and (d). Here, we have normalized the
eigenvectors such that the first component is always unitary.

abrupt change of π, which is related to the singularity of
zero left-side reflection. Because of the step-function
behavior of the phase, the delay time τr ≡ ðdϕr =dωÞ for
the left reflection behaves as a delta function. As a result,
the reflected acoustic waves will be trapped for a long time
in the waveguide and get absorbed completely by the loss.
At that frequency, the transmission is exactly unitary but
the phase of transmitted waves (approximately −0.3π)
differs from the phase (approximately −0.33π) of the
acoustic waves after traversing a homogeneous background
medium with the same length of the scattering system.
Therefore, the acoustic PT -symmetric setup cannot be
regarded as invisible in any case, even though the system is
reflectionless for the waves propagating from the left. We
also notice that a well-designed lossy medium can have
unidirectional reflection when operating at the exceptional
points (EP) of this non-Hermitian system [31]. However,
unidirectional transparency can only be realized in the PT
system with gain included, since the transmission must be
unitary and the unidirectionally scattered light is produced
by the gain part.
In our acoustic PT -symmetric setup, the change of the
transmission from T < 1 to T > 1 can be related to the
transition from the PT -symmetric phase to the broken
phase, according to Refs. [41,43]. In this respect, we shall
demonstrate the frequency at which the transmission
becomes unitary and is related to an exceptional point

by investigating the spectral properties of the scattering
matrix. When the acoustic system is in the PT -symmetric
phase, the eigenvalues of the scattering matrix are nondegenerate and unimodular. In other words, unimodular
eigenvalues correspond to the PT -symmetric phase,
whereas nonunimodular eigenvalues, whenever they
appear, signify the PT -broken phase. In the acoustic
system, we can derive explicit criteria for the spontaneous
PT symmetry-breaking transition in terms of the transmission and reflection coefficients in the scattering matrix.
From Eq. (1), the eigenvalues of the scattering matrix are
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expressed as λ1;2 ¼ t  rL rR while the eigenvectors are
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
given by ð1  ðrL =rR ÞÞT. Using Eq. (3), we have
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λ1;2 ¼ t½1  i ð1 − TÞ=T . From this relation, we can
conclude that when T < 1, eigenvalues are unimodular
and nondegenerate, and the acoustic system is in the socalled symmetric phase. However, when T > 1, the eigenvalues are nonunimodular and the system is in the broken
phase. At the exceptional point, the transition between
these two phases happens and we have T ¼ 1. In Fig. 2(c),
we plot the absolute values of the eigenvalues of a
scattering matrix, from which the exceptional point can
be observed at f ≈ 6 kHz, as marked by a darkened dot.
Below the exceptional point, the eigenvalues are nonunimodular and the system is in the broken phase. While
above the exceptional point, the eigenvalues are unimodular and the system is in the PT -symmetric phase. At
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the exceptional point, the system is unidirectionally reflectionless [see the inset of Fig. 2(b)]. Moreover, in Fig. 2(d),
we plot the second
components
of the eigenvectors of the
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
scattering matrix ðrL =rR Þ. The blue curve corresponds to
the PT -symmetric phase, where the eigenvectors are real,
and clearly, they are invariant under conjugation [43]. In the
broken phase (red curve), the second components of the
eigenvectors are purely imaginary, and under conjugation,
one of the components transforms into the other. It should
be pointed out that the unusual scattering properties of the
PT -symmetric medium have also been demonstrated in
optics and electronics, both in theories and experiments
[41,42,44,45].
We also perform full-wave simulations using a finiteelement solver (COMSOL Multiphysics) to verify the unidirectional reflectionless effect of the well-designed 1D
PT -symmetric medium, as shown in the inset of Fig. 1. In
the numerical simulations, the plane wave is incoming from
the left and right sides, respectively, with the frequency
located at the exceptional point. The interference pattern
due to strong Bragg reflection is visualized for the right
incidence, whereas the scattered acoustic waves are barely
observed for the left incidence. It is interesting to point out
that the pressure field for the left incidence is equally
distributed in the loss-and-gain parts with the field distribution symmetric to the center of the scattering region,
indicating that the energy produced by the acoustic gain is
completely absorbed by the loss in the mirrored position.
However, when the waves are incoming from the right, the
pressure field is more localized in the gain parts and
the extra energy from the gain after being balanced out
by the loss provides the strong Bragg reflection.
Previously, asymmetric acoustic transport has also been
explored using nonlinear material [22]. Other structures of
one-way acoustic devices, such as asymmetric nonlinear
bead chains, have been demonstrated thereafter [23]. By
introducing nonlinear active electric circuits, with incoherent amplification, into the resonant unit cells in acoustic
metamaterials, one can realize a nonreciprocal acoustic
metamaterial with a large contrast ratio [24]. It is also noted
that the acoustic one-way propagation in linear timevarying media is exploited [25]. These works, however,
are mainly based on the modulation of the real part of the
material properties and inevitably accompanied with a
frequency shift. Our proposed acoustic PT approach offers
a new paradigm in acoustic wave manipulations, including
one-way transport. Different from the above nonlinear
approaches, where harmonics have to be involved, one
can exploit a PT -acoustic metamaterial with nonlinearity
to achieve nonreciprocal wave propagation using nonlinear
resonances. For example, when nonlinearity is incorporated
into the PT system, if the acoustic wave comes from the
loss side, the wave will be damped and the system responds
in an “almost” linear way. However, when wave incidents
come from the gain side, the nonlinearity kicks in and

bends the “backbone” of resonance, resulting in strong
asymmetric wave propagation and nonreciprocity at the
same frequency without harmonic generation. Such asymmetric transport has already been demonstrated in electronics and optics [36–40]; however, acoustics remains an
open area to be explored.
III. PT -SYMMETRIC ACOUSTIC CLOAK
Since the acoustic wave equation is invariant under
coordinate transformation [15,46–49], it is possible to
combine the PT -symmetric medium with transformation
acoustics to design myriad transformation acoustics devices
of unidirectional responses. As an example, we will show
how to design a 2D PT -symmetric acoustic cloak that is
one-way invisible. First, we need to construct a PT symmetric periodic structure with unidirectional invisibility
in the virtual space ðr; θÞ, for which the complex modulation of material parameters should take the unique form of
δeiβ·r rather than the generalized one exemplified in Fig. 1,
where δ and 2π=jβj are the amplitude and periodicity of
modulation, respectively. In our case, the density and
complex bulk modulus of the unidirectionally invisible
PT -symmetric periodic structure are ρ0 ¼ 1.2 kg=m3 and
κ0 ¼ 1.42 × 105 f1 þ 0.1 exp½i219.7r cosðθÞg Pa (r < b),
respectively, in the virtual space ðr; θÞ. In cylindrical
coordinates, a mapping between virtual space ðr; θÞ and
real space ðr0 ; θ0 Þ to produce a 2D acoustic cloak
of cylindrical geometry can be expressed as r ¼ fðr0 Þ
and θ0 ¼ θ, with fðr0 Þ ¼ bðr0 − aÞ=ðb − aÞ for a ≤
r0 ≤ b. Here, a and b are the inner and outer radii of the
acoustic cloaking shell, which are 0.05 and 0.1 m in our
numerical simulations. With the transformation acoustic
equations in orthogonal coordinates, we have the material
parameters [50]
r0
;
r0 − a
r0 − a
ρ0θ ¼ ρ0 0 ;
r


b
−
a 2 r0
0
κ ¼
κ ½fðr0 ; θ0 Þ
b
r0 − a 0
ρ0r ¼ ρ0

ð4Þ

for the PT -symmetric acoustic cloak in real space ðr0 ; θ0 Þ.
As a matter of fact, the specific modulation in the form of
δeiβ·r can be regarded as a complex grating that can provide
a one-way wave vector β. The interaction between incident
plane waves of wave vector k1 and the complex grating will
produce a diffraction mode with the spatial frequency being
k1 þ β. The mode transition between incident plane waves
and the diffraction mode can take place only when the
phase-matching condition is approximately satisfied, viz.
δ ¼ k1 þ β − k2 ≈ 0, where k2 is the spatial frequency of
the excited diffraction mode propagating in the surrounding
medium, and therefore, jk1 j ¼ jk2 j. On the other hand, if
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FIG. 3. The pressure-field maps in (a),(b) the virtual space and
(c),(d) the physical space for a one-way invisible PT -symmetric
cloak. In (a) and (c), where the plane wave is incoming from the
left, a strong backscattered reflection can be observed due to the
satisfied phase matching, and therefore, the observers on the left
can sense the existence of the cloak. However, in (b) and (d),
where the plane wave is incident from the right, the waves
propagate without any scattering due to phase mismatching, and
thus, an arbitrary object is perfectly concealed in the white region.
The wavelengths of incident waves are λ ¼ 0.0572 m.

δ ≠ 0, the energy transferred to the diffraction mode is
negligible due to the momentum mismatch. The proposed
one-way invisibility of the PT -symmetric cloak is validated in Fig. 3. For left incidence in virtual space, strong
Bragg reflection is observed in terms of the satisfied phasematching condition k2 ≈ k1 þ β, as shown by the inset
vector diagram in Fig. 3(a). However, for right incidence in
Fig. 3(b), scattered waves can hardly be visualized due to
phase mismatch and the waves are propagating through the
PT -symmetric medium, as if there is a bulk of surrounding
medium. From the vector diagram in Fig. 3(b), a diffraction
mode with the spatial frequency k1 þ β will be much larger

than k2 and thus can hardly be excited since it falls into the
evanescent regime. Figures 3(c) and 3(d) are the corresponding simulations of the PT -symmetric acoustic cloak
in real space after coordinate transformation, where the
pressure-field distributions in both incidences agree well
with the results in virtual space. It is clearly shown that an
arbitrary object positioned in a rigid cylinder is perfectly
concealed and one-way cloaked by the transformed PT symmetric medium. It is worth mentioning that for left
incidence in Fig. 3(c), the concealed rigid cylinder still
remains invisible to the observer on the right, which is due
to the reason that the designed phase matching is only
satisfied for the backward reflection. It is also possible to
make the phase-matching condition satisfied for the forward reflection, which requires engineering of the direction
and periodicity of the complex modulation of material
parameters. However, the reflection parts can never be in
the same direction of incident waves under the constraint of
Lorentz reciprocity in this linear and static system. The
complex modulation of material parameters can also be
designed along the radial direction, viz. eiβ·r , where the
anisotropic transformed PT -symmetric medium can be
realized by alternatively stacking concentric loss-and-gain
layers with isotropic material parameters, as indicated by
the reducible cloak designing in Ref. [48].
For the generalized PT -symmetric structure exemplified
in Fig. 1, it is shown that the unidirectionality is very
sensitive to frequency. However, for PT -symmetric potentials taking the unique form of δeiβ·r , it has a broadband
unidirectional response from 5 to 8 kHz, as demonstrated in
Fig. 4(a), since the scattering cross section is close to 0 due
to the phase mismatch for right-side-incoming waves of
different frequencies, whereas the scattered waves will be
visualized for the nonignorable scattering cross section in a
relatively broad frequency band when the phase-matching
condition is approximately satisfied for left-side incidence
[51]. It also should be mentioned that for the PT -cloaking
device, the singularity at the inner boundary of the cloak
may limit the operating bandwidth and narrows this band of

FIG. 4. (a) Scattering cross section versus frequency, where the blue (upper) and red (lower) curves describe the scattering cross
section of the PT -symmetric cloak when the light is incoming from the left and right, respectively. (b) Scattering cross section versus the
incident angle at the frequency 6 kHz, where θ ¼ 0 corresponds to the parallel propagation along the z direction from left to right.
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specified directions. We envision that PT acoustics will
open a new route for designing functional acoustic systems
with nonreciprocal responses and further enable us to
explore fundamental PT physics using acoustic nonlinearities or time-varying parameters.
ACKNOWLEDGMENTS
FIG. 5. The pressure-field maps in (a),(b) the virtual space and
(c),(d) the physical space for a one-way invisible PT -symmetric
acoustic ground cloak. In (a) and (c), where the plane wave is
incoming from the left, a strong backreflection can be observed
due to the satisfied phase matching, and therefore, the observers
on the left can sense the existence of the ground cloak. However,
in (b) and (d), where the plane wave is incident from the right,
the waves propagate without any scattering due to phase
mismatching, and thus, an arbitrary object can be concealed in
the bump region. The wavelengths of incident waves are
λ ¼ 0.8 m.

functionality in practice. Moreover, Fig. 4(b) depicts the
scattering cross section versus the angle of incidence at the
frequency of 6 kHz, where the unidirectional invisibility
also holds for an oblique angle of jθj < π=6.
A one-way invisible 2D PT -symmetric acoustic ground
cloak [52] is also designed and demonstrated in the full3
wave simulation. In virtual space, we use ρ0 ¼ 1.2
pﬃﬃﬃkg=m
and κ0 ¼ 1.42 × 105 f1 þ 0.03 exp½i2πz=ð0.4 2Þg Pa
(1.4 < x < 11.4 and jzj < 10) for the PT -symmetric
medium. The material parameters of the transformed
PT -symmetric medium in real space are obtained by the
coordinate transformation used in Ref. [53]. This acoustic
ground cloak can be clearly observed for left-side incidence
because of the strong Bragg reflection in the PT symmetric medium [Figs. 5(a) and 5(c)], whereas the
cloaked region is invisible for right-side incidence due to
phase mismatching [Figs. 5(b) and 5(d)].
Currently, considerable experimental difficulties still get
involved in the fields of PT -symmetric acoustics, such as
the design and realization of acoustic gain by feedback
systems using the active sound-controlling apparatus [24].
Compared to the conventional cloaking proposals, the
simultaneous transformations of both the real and imaginary parts of the effective bulk modulus in this work may
require much more sophisticated metamaterial design and
engineering.
IV. CONCLUSIONS
We have introduced the concept of PT symmetry
acoustics and demonstrated the phenomenon of unidirectional transparency at the exceptional points of nonHermitian acoustic systems. We have then transformed
such a unidirectionally transparent acoustic medium into an
acoustic cloak (PT -symmetric acoustic cloak) and demonstrated that it makes an object completely invisible in
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